Abstract. We apply the technique of [5] to construct Saito primitive forms for Gepner singularities.
Intoduction
The Gepner singularity G k,n is the quotient of the singularity of F k,n = n i=1 x k i at the origin by the action of S n by the permutation of coordinates.
The interest to the Gepner singularities appeared after the isomorphism of the chiral ring of a SU(n + 1) k−n−1 /(SU(n) k−n × U(1)) Kazama-Suzuki model, the Milnor ring of the Gepner singularity G k,n and the cohomology ring of the Grassmanian Gr(n, k) were established in [8] . The further explorations of the relation between the Gepner singularities and topological conformal field theories (TCFTs) continued in [15] , [9] .
All three sides of the isomorphism of [8] admit the natural deformations equipped with a structure of Frobenius manifold: deformations by Witten's descent ( [6] ) for chiral rings of TCFTs, Saito structure for Milnor rings of singularity ( [12] ) and quantum cohomology for cohomology rings. It appears that the Frobenius structure of quantum cohomology of Grassmanian is not isomorphic to the other two structures even in the simple cases. However, in [6] it was proved that the Saito structure for the singularity z k+1 is isomorphic to the Frobenius manifold for the SU(2) k /U(1) Kazama-Suzuki model (also known as minimal models). This leads to a natural conjecture of relation between a Saito structure for Gepner singularity and the Witten's descent deformations of chiral ring of Kazama-Suzuki model formulated in [3] . More precisecly, there should be a certain Saito primitive form providing Frobenius manifold isomorphic to the one coming from the Witten's descent deformations. Further studies of Saito primitive forms for Gepner singularities and corresponding Frobenius structures continued in [1] , [2] , [4] , [13] .
In the current paper we explore the relation between Saito structures for the Gepner singularity and for F k,n . It is a natural singularity theory analog of one of the results of [5] relating quantum cohomology of the Grassmanian Gr(n, k) and the product of projective spaces (P k−1 ) ×n . In particular, we adopt the technique of [5] to provide a construction of Saito primitive forms for Gepner singularity.
Remarkably, the relation we study should also impose a relation between the SU(n+1) k−n−1 /(SU(n) k−n ×U(1)) Kazama-Suzuki model and the tensor product of n copies of the minimal SU(2) k /U(1) model, which is to be investigated in forthcoming works.
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1.2.
Conventions and notations. We will work over an algebraically closed field k of characteristic 0.
Gepner singularities
Let us fix two positive integers n and k and let
, where σ i is the i-th elementary symmetric function in n variables, so that
Since the polynomial F k,n is symmetric, there is a polynomial G k,n , such that F k,n (x 1 , . . . , x n ) = G k,n (y 1 , . . . , y n ). It is not hard to verify that:
Proposition 2.1. ( [8] , [13] ) If k > n then G k,n has an isolated singularity at the origin y = 0. The dimension of its Milnor ring J G k,n is equal to
In what follows we will assume that k > n. We will call this singularity a Gepner singularity.
Frobenius manifolds
Let V be a finite dimensional vector space over k and let
, where V ∨ is the dual vector space, be its formal completion at the origin, so that the functions on M are formal series in V ∨ . We denote by T M its tangent sheaf which is canonically isomorphic to V ⊗ O M . Definition 3.1. ( [7] , [10] ) The formal Frobenius manifold is the following data: (M, •, g, e, E), where 1) g is a k-linear nondegenerate pairing on T M such that the corresponding connection ∇ is flat;
2)
• is k-linear, associative, commutative product on T M and such that ∇c is symmetric where c is the tensor defined as
3) e is a formal vector field on M, which is the identity for • and such that ∇e = 0;
4) E is a formal vector field on M, which is called an Euler vector field, and satisfies
where L denote the Lie derivative and D ∈ k is a constant.
For further discussions of the notion we refer to [7] , [10] .
Pre-Saito structures and primitive forms
In the next two sections we follow the exposition of Sections 2.2 and 2.3 in [5] .
Definition 4.1. We will call pre-Saito structure the following data: (M, E, g, ∇, Φ, R 0 ), where 1) M is a formal completion at the origin of a finite-dimensional vector space V over k;
2) E is a free O M -module of finite rank with a flat connection ∇ and O M -bilinear form g flat with respect to ∇;
3) Φ and
satisfying the conditions 
Given a pre-Saito structure (M, E, g, ∇, Φ, R 0 ) and a primitive form ω for it one constructs a structure of Frobenius manifold on M by taking
4.3.
We will call them Saito primitive forms.
is the unique (up to scalar multiplication) primitive form. We will call the corresponding Frobenius manifold A k .
Frobenius manifold with finite group action
Let (M, •, g, e, E) be a Frobenius manifold and let W be a finite group acting on M by automorphisms in a way compatible with Frobenius structure.
Let us consider the fixed point set of the W -action
Let us fix a non-trivial character sgn : W → ±1 and consider the corresponding antisymmetrization morphism a :
w∈W sgn(w)wξ. We denote its image by E. It is a locally free O M -module. Note that we have a g-orthogonal direct sum decomposition T M | M W = ker a ⊕ E and the restriction of g to E is nondegenerate. We denote by ∇ the restriction of the connection on
There is a natural O M linear multiplication Φ : (T M | M W ) W ⊗ E → E coming from multiplication on T M and the operator R 0 := E•. It is easy to check that: 
Main Construction
Consider the tensor product of Frobenius manifolds M k,n := A ⊗n k−1 (see [10] for the definition). Note that the underlying space is naturally identified with M F k,n .
Remark 6.1. It follows from [11] , Theorem 3.2.3, that there is a Saito primitive form for F k,n which gives this Frobenius manifold.
The Frobenius manifold M k,n naturally comes with an action of W = S n by permutation of the factors. We now apply the construction of Section 5 to it.
Proposition 6.2. There is a section ω of E satisfying the conditions of Proposition 5.2.
Proof. Consider an antisymmetric polynomial w n := 1≤i<j≤n (x i − x j ) as an element of the Milnor ring J F k,n . Note that, since k > n we have w n = 0. It can be viewed as an element of E 0 , the fiber of E at the origin. Translating it via the flat connection ∇ we obtain a flat section ω of E.
At the origin the map φ ω | 0 : J W F k,n → E 0 is obviously surjective. Since we work locally at the origin it now follow from Nakayama lemma that φ ω is surjective.
Let us now choose an appropriate for applying Proposition 5.2 subscheme N ⊂ M W k,n . We will start by the following: Proposition 6.3. There is a short exact sequence:
where J F k,n , J G k,n are the Milnor rings of the corresponding singularities and ker(w n ·) is a kernel in J
Proof. The first arrow is the natural embedding. Let us construct the second arrow. Let
Note that by the chain rule we have:
Therefore, we have
. Also, we, obviously have I
. It remains to check the exactness in the middle term of the sequence. To show that the composition of the two arrows is zero it is sufficient to show that w n I G k,n k[x] ⊂ I F k,n . But, the determinant of the Jacobi matrix with the entries
is equal to w n . Therefore, we have
for some polynomials a ij ∈ k[x] (minors of the Jacobi matrix) and the embedding
Finally, the dimension (over k) of the cokernel of the first arrow is equal to the dimension of the antiinvariants of W in J F k,n , which is equal to the dimension of the space of the antisymmetric polynomials in x modulo x k−1 i
. And this is equal to the number of monomials of the form x . It is the same as the dimension of J G k,n and the proposition follows.
Let us now choose a splitting of the short exact sequence (6.1) as a sequence of vector spaces: ι : Summing up we obtain: Theorem 6.5. There is a Frobenius structure on the formal completion at the origin of a vector space J G k,n depending on the choice of the splitting of the short exact sequence (6.1).
Primitive forms for Gepner singularities
Let us fix a splitting in Theorem 6.5. In this section we prove the following result: Theorem 7.1. There is a Saito primitive form ζ for G k,n such that the induced Frobenius structure on J G k,n is isomorphic to the Frobenius structure of Theorem 6.5.
Proof. By Remark 6.1 there is the Saito primitive form for F k,n providing the Frobenius structure of M k,n .
Let us denote by η = ϕ(x, t)dx 1 . . . dx n ∈ Γ(N, Ω F k,n ) its restrction to N. The S nsymmetricity of M k,n implies that ϕ is symmetric in x i . Proof. We define j to be a morphism induced by the change of variables {x} → {y}. More precisely, let ψ(y, t)dy 1 . . . dy n be an element of Ω G k,n then j(ψ(y, t)dy 1 . . . dy n ) = ψ(x, t)w n dx 1 . . . dx n ∈ Ω a F k,n | N . The map is well defined since d F n,k equals d G n,k on N after the change of variables. The map is clearly an isomorphism and the check of compatibility with the pairing is straightforward.
Consider now the diagram
We define the lower arrow to be the composition j −1 • φ η • φ ω . It is easy to see that this map is φ ζ for ζ = ω wn ϕ(y, t)dy 1 . . . dy n . Moreover, it follows from the diagram and Lemma 7.2 that the Frobenius structure of Theorem 6.5 is induced by ζ. This implies the theorem. Remark 7.3. One can construct the corresponding element of the filtered de Rham complex (see [14] for the definition) in a similar way.
